Magnetic reconnection is simulated with the help of covariant transport equations for the electro-magnetic eld. They include an induction equation for the magnetic as well as the electric eld. The transporting ow is a four-vector eld (W 4 ). The space components of this four-vector eld are of stagnation ow type and the time-component vanishes at the reconnection site. The numerical method and necessary special numerical treatment at the line along which reconnection occurs is described in detail. The way in which the timecomponent (W 0 ) of the transporting ow approaches zero at the reconnection line controls the type of non-ideal dynamics. Di erent pro les resulting in various current density distributions are studied. In reality the non-idealness necessary for reconnection may result from current-dependent micro-instabilities and therefore a current-dependent pro le of W 0 is included.
Introduction
Magnetic reconnection is known to be an important feature within astrophysical and laboratory plasmas (cf. Biskamp 1] ). Reconnection results in changes of the "topology" of the magnetic eld as well as in acceleration of particles e.g. at the dayside magnetopause, the geomagnetic tail, the solar corona or in fusion device plasmas.
Magnetic reconnection is described in stationary twodimensional magnetohydrodynamic (2D-MHD) models like the Sweet-Parker model 2, 3] or Petschek's model 4] as well as generally in three-dimensional models 5]. Most of the 2D models are stationary models and the reconnected ux is substituted by newly in owing ux through the upstream boundaries. The J B-forces at the shocks near the reconnection zone accelerate the downstream plasma to upstream Alfv en velocity, i.e. magnetic energy is converted to kinetic energy.
Three-dimensional reconnection was found to be associated with parallel electrical elds (E B 6 = 0) (cf. 5]). Especially in three dimensions magnetic reconnection can occur in the absence of magnetic nulls. Our approach to model 3D magnetic reconnection is based on the generalization of magnetic ux transport into fourdimensional space-time. The set of equations governing the ux transport necessarily includes the electric eld and are the Lie-derivative of the electro-magnetic eld tensor 6, 7] . Magnetic ux in non-ideal dynamics is converted to electric elds and vice-versa. We are interested in the general structure of the reconnecting magnetic eld in three dimensions. The results of our 3D simulations are shown in the accompanying paper 8] .
In this contributuon the numerical method to solve the respective equations is demonstrated and analyzed on the basis of two-dimensional models. We simulate the evolution of a magnetic ux ring enclosed in a nite box subjected to a prescribed four-velocity eld. Reconnection is described by a special choice of the four-velocity in the relativistic formulation.
Basic equations and numerical method
The Lie-transport of electro-magnetic elds corresponds to the covariant form of magnetic ux conservation 7] given by:
?W E = @ 0 (1)
The equivalent set
is used together with Maxwell's equations @B @t = ?r E (5) J = r B ? 1 c @E @t (6) to compute the electro-magnetic elds and the current density. The quantity W 0 is the time component of a four-vector in relativistic space-time. It is equal to unity in Eq. (3) in the case of ideal MHD dynamics and has a zero point in non-ideal dynamics which enables reconnection (Fig. 7) . Note that in the non-ideal case is not an electric potential in the usual sense any more as its gradient is divided by a non-negative W 0 resulting in a eld with non-vanishing curl in Eq. (3). W=W 0 plays the role of a transporting velocity of the magnetic ux. For reconnection to occur we must have R W 0 =W x dx < 1 which requires W 0 = 0 and W 0 / x 2 + fy 2 with constant f resulting in in nite transport velocity at the reconnection site. Due to this circumstance it is possible for a ux element to reach the singular line within a nite time within the stagnation ow eld in contrast to the case W 0 = 1. The non-ideal e ects of W 0 6 = 1 on three-dimensional magnetic elds (E B 6 = 0) is outlined in our accompanying paper 8].
The distribution of W 0 in the vicinity of the singular line determines the rate of ux advection and the rate of reconnection if W 0 = 0 at the reconnection line. By two parameters r; in Eq. (7) the pro le of W 0 can be varied: The area where W 0 substantially di ers from unity is broadened with increasing r > 0 and > 0 determines its extent in x-direction. The chosen W 0 meets the requirement that for small x and y the pro le is parabolic in either coordinate. It is obvious that equation (3) causes the problem due to W 0 = 0 in the denominator. However, this equation can be reformulated using its time di erentiated form (with @W @t = 0):
Due to symmetry of the system we have E x = E y = 0 at (0; 0) and for the remaining E z only the last term of (13) Thus, we get the nal relation from the rule of de l'Hôpital: is ful lled the electric eld components E x ; E y behave smoothly with zero limit at the reconnection line. In Eq. (15) the second term (? =C(@=@ 2 y)E z ) can be neglected using the following argument: As Eq. (14) is equivalent to a simple transport of a scalar quantity in the velocity eld W=W 0 we may expect that for a time step t E z (0; t + t) = E z ( x; t) (17) with an appropriate x to be calculated as follows. The expansion of W x and W 0 according to Eq. (10) for y = 0 near x = 0 gives a velocity v x = W x W 0 = ? 1 Cx (18) Hence the time needed for a uid element to travel with v x from a small distance x to the origin is
which may be solved for x to give
If we approximate the pro le of E z in the vicinity of the origin along the x-axis by a quadratic, symmetric function:
where x 1 is the x-value on the neighbouring grid cells we obtain the following relation:
The term in square brackets is just the discretization formula for the second derivative of E z at x = 0 with respect to x. The result is exactly the rst term on the RHS of Eq. (15) and the equation can be regarded as the upwind scheme of (15) which uses only the information in the upwind direction (along the xaxis). The scheme of Eq. (22) may be regarded as a discretized di usion equation. The LHS is then identi ed with the new value of E z after iteration in time E z (0; t + t). The terms on the RHS exist at time step t and constitute a rst-order Eulerian integration scheme in time. To reach second-order accuracy of the Leapfrog scheme time-centering is performed by substituting the rst term (E z (0)) on the RHS by E z (0; t ? t) instead of E z (0; t) and use a double time step 2 t to reach the time level t+ t of the LHS. However, the scheme obtained is not stable. To gain numeric stability it may be reformulated using the DuFort-Frankel method (cf. 11]) replacing 2E z (0; t) at the centered time t by the temporal mean, E z (0; t ? t) + E z (0; t + t), giving an implicit relation which can be solved for E z (0; t + t). The DuFort-Frankel scheme applied at the reconnection line reads: E z (0; t + t) The magnetic eld is a planar ring con ned in the simulation box with B x = B y = 0 at the boundaries with a zero B z (see gures 3, 4). All 2-dimensional cases presented here belong to the class of E B = 0-reconnection. Reconnection is inhibited and the current density piles up at the stagnation point. The current density at (x; y) = (0; 0) rises from zero for t = 0 asymptotically to in nity (Fig. 5 ). In this and the other simulation runs the displacement current j1=c(@=@t)Ej in Eq. (6) is proved to be negligible, even at the reconnection line.
In the case of r = 1; = 1 reconnection is allowed with W 0 sketched in Fig. 1 . In Fig. 7 we plot the magnetic eld components B x ; B y in the plane z = 0 at time 0.5. The X-point structure typical for reconnection is evident. Fig. 8 shows the current density at the same time. Though the current density outside the reconnection region is quite large, it is fairly small at the X-point (the origin).
This e ect of current annihilation can be understood by the same convection argument used in the derivation of the integration formula for E z at the singularity (Eq. (22)). An antiparallel eld component B y on the x-axis becomes anti-parallel B x on the y-axis an instant later such that the resulting x-point structure of B (Fig. 7) is nearly curl-free (i.e. J z ' 0).
If the shape of W 0 is deformed to be elliptical (r = 1; = 5, see Fig. 9 ) the current at the singularity is expected to remain non-zero, as the magnetic ux along the y-axis is transported away at higher velocity W y =W 0 than new ux is advected along the x-axis by W x =W 0 . Therefore, B x on the y-axis is weakened and the contribution of ?@=@y(B x ) in J z (0) ceases to balance the contribution of (@=@x(B y )) (Fig. 10) The local magnetic eld structure showing reconnection is stretched along the y-axis (Fig. 11) . The e ect of the shape of W 0 on current-dependent reconnection is adressed in the next section. Figure 9 : The W 0 -pro le in the asymmetric case is narrower in the x-direction reducing the e ective in ow velocity compared to the case of Fig. 1 leaving the out ow along y unchanged. 
Simulation results of current-dependent reconnection
The kinematic approach is extended for the simplest case of the planar ring by the width of the pro le W 0 . During the simulation we compute the current density J z on the singular line and from these values the parameter r is computed using The two parameters, the critical current density J cr where reconnection starts and J sat when the advection rate saturates, are given as input parameters. When the critical current density is high enough we obtain reconnection which occurs after a loading phase where ux is advected to be reconnected (Fig. 12) . The corresponding current densities behave quite di erently: As already explained in the preceding subsection the current density at the reconnection site strongly depends on the shape of W 0 . During reconnection the current density is reduced in the symmetric cases ( = 1) and remains high in the non-symmetric case ( = 5) (Fig. 13) . During (standard)-reconnection (J cr = J sat = 0) the current density remains small (solid line) and a critical current density has to build up until reconnection starts with non-zero current threshold (dashed line). In the case of non-symmetric W 0 a current is always present, so it exceeds the threshold rather fast and remains strong all the time during reconnection (dash-dotted line). In the case without reconnection one can clearly see the continuous pile-up of the current density.
Discussion
The model shows fundamental features of reconnection like the dynamical evolution of current sheets and magnetic elds with X-point structures. We are able to simulate the kinematics of non-steady reconnection within the framework of relativistic transport theory of electro-magnetic elds. We outlined a method to integrate a transport equation with formally in nite velocity.
The whole approach may be extended to E B 6 = 0-reconnection in three dimensions as well to nd out basic signatures of general reconnection.
The possible applications of this model are reconnection events in solar plasmas as well as magnetospheric reconnection. The evaluation of the non-idealness associated with nonconstant W 0 along integrated eld lines can show signatures of reconnection which may e.g. be observed in the context of auroral phenomena. The question how W 0 may be connected to (anomalous) resistivity is also considered in the accompanying paper 8].
Future work will address the problem how to detect magnetic reconnection on the basis of signatures of B and of parallel electric elds E jj found in these simulations. The kinematic approach has to be extended to a fully selfconsistent dynamics in space-time including magnetic forces and plasma pressure e ects. Furthermore the theory of the current-dependent non-idealness is to be extended beyond the simple model presented here.
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